Reports on Geodesy and Geoinformatics, 2024, Vol. 118, pp. 101-108

DOL: 10.2478/rgg-2024-0019
‘ S C I e n d O Received: 20 July 2024 / Accepted: 5 November 2024 @@@@
BY NC ND

Published online: 29 November 2024

ORIGINAL ARTICLE

Proposing a concept of least-squares-based
outlier-exposing potential of Gauss-Markov models:
Examples in geodesy

Witold Prészynski © * and Zenon Parzyniski © 1

!Faculty of Geodesy and Cartography, Warsaw University of Technology, P1. Politechniki 1, 00-661, Warsaw,
Poland

*witold.proszynski@pw.edu.pl

Abstract

Outlier detection and identification are still important issues in the quality control of geodetic networks based on least
squares estimation (LSE). In addition to existing network reliability measures, the paper proposes the LSE-based concept
(together with the associated measures) of the Outlier-Exposing Potential (OEP) for Gauss-Markov models. The greater the
model’s redundancy, the more the configuration of its responses to gross errors exposes the location of these errors, and
hence, the greater the model’s OEP. The potential is given in the basic version and the extended version. The former
considers only the effect of the model’s redundancy, while the latter also considers the masking effect due to random
observation errors at a specified magnitude of gross error. For models that have regions of unidentifiable errors, the
corresponding OEP components have zero values. The reflection of OEP in the values of Minimal Identifiable Bias (MIB) is
shown. It is proposed that OEP derived based on least squares adjustment be treated as a property of the model itself. The
theory is illustrated on several 1D and 2D networks. The research is limited to models with uncorrelated observations and
the case of a single gross error. These limitations enabled the formulation of clear properties of general character, not
complicated by observation correlations and multiple-outlier combinations.

Key words: least-squares adjustment, uncorrelated observations, redundancy matrix, disturbance/response relationship,
response concentration index

1 Introduction the outlier as an observation contaminated by a gross error.
] The model’s redundancy causes that in parameter determi-
Gauss-Markov Models (GMMs) represent theoretical models nation the observations become interrelated, and thanks to it,

for a wide class of observation systems used in geodesy. As sen- they may check themselves mutually. This enables detection
sitive to outliers, the LSE is not classified as a robust estimation and identification of outliers. It is redundancy that is an es-
(Huber, 1972; Maronna et al., 2006). However, when appliedin  sential element in the Baarda reliability theory for quality con-

an iterative moc:le for the GMMs With a particularly bigh le.vel trol of geodetic networks (Baarda, 1968) and in its further de-
of redundancy, it may, by successive removal of outliers, yield velopments (e.g., Teunissen 2006, 2018; Rofatto et al. 2020;

parameter estimates almost cleared from the influence of gross Lehmann et al. 2020). Baarda’s theory shows that the greater
errors. The use of the term ‘almost’ is here necessary since, ac-  the redundancy of a GMM, the greater the concentration of its
cording to (Teunissen et al., 2017), the bias in the solution can LS-induced responses to gross errors in their location or equiv-
never be removed completely. alently, the smaller smearing effect of LSE (Durdag et al., 2022).

We would like to point out that following the understanding This makes detecting and identifying outliers easier and more
of the notion of an outlier as in Lehmann (2013), we will treat effective.
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Getting to know and characterizing the abovementioned
ability of GMMs of response concentration and thus the expo-
sure of outliers, confirmed in practice, would require careful
analysis. Undertaking such research would be primarily im-
portant from the point of view of quality control theory for
geodetic observation systems modeled by GMMs. Some advan-
tages for practical applications would also be expected from the
research.

Following the above considerations, the objectives of the pa-
per are:

+ to characterize and quantify the redundancy-dependent
property of exposing the outliers in LS adjustment in GMMs,
considering the model’s redundancy impact only,

to characterize and quantify the property as above, consid-
ering both the impact of the model’s redundancy and that
of random observation errors,

to investigate the possible reflection of OEP level in MIB
values.

We shall assume the case of a single gross error and uncor-
related observations. The case of multiple gross errors would
complicate the formulation of clear general properties. As for
the second assumption, the research was originally intended
to include models with correlated observations. However, the
feasibility analysis of such a broadly outlined task led to con-
finement to models with uncorrelated observations. The main
arguments, apart from the one in the first assumption, were
that:

+ due to observation correlations the redundancy matrix in a
standardized model loses its valour of being the covariance
matrix of LS residuals;

- the correlation matrices bring into models a considerable
variety of information characterizing the measurement pro-
cess, but being different from the original models’ features.

2 Properties of the redundancy matrix for a
standardized Gauss-Markov Model

The redundancy matrix for a standardized GMM is a main ele-
ment of the theoretical basis of the present research and that
is why we present its properties.
Let us consider a GMM with uncorrelated observations:
Ax +e=vy; e~N(o,C) (1a)
where:
y - the n x 1 vector of observations,
A - the n x u design matrix; rank A = u - d (d - defect, d > 0),
x - the u x 1 vector of unknown parameters,
e - the n x 1 vector of random errors,
C - the n x n covariance matrix for observations; diagonal, pos.
definite.
With the standardization matrix § = C”2 , we get the equiv-
alent standardized form of (1a):
Agx + eg = Vs; esNN(O, I) (lb)
where, e.g., As = C A
The LS estimator of the vector vs = -es, being the vector of
LS residuals in the model (1b), is given by (Prdszyniski, 1994):

Vs = -Rs Vs (2)
where:

Rs = I - Ag(ATAq)* AT 3)
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(*)*denotes a pseudoinverse, for d = 0 it becomes a regular in-
verse.

As an idempotent and symmetric matrix, Rs is an orthogo-
nal projector; rank Rs = TrRs = n-u +d = f, where f is a model
redundancy. Rs is a redundancy matrix for the standardized
GMM (1b).

It can readily be shown that Rs = Co, =1- C?S, where C?s
and Cy, are the covariance matrices for the vector of estimated
standardized observations and the vector of residuals in a stan-
dardized model, respectively.

Let us note that the commonly used redundancy matrix R =
I - A(ATC™1A)*ATC™! (for the original model (1a), e.g., Ding
and Coleman 1996; Durdag et al. 2022) is not symmetric and
is not a covariance matrix like Rs. Since Rs = SRS™!, Rg and R
are similar matrices with the corresponding diagonal elements
being equal.

On the basis of (2) we immediately get a disturbance/response
relationship for the model (1b), i.e.,

AVS = —Rs . Ays (4)

where:

Ays - the vector of standardized gross errors (i.e., distur-

bances),

AYs - the vector of changes in LS residuals (i.e., responses).
The value ranges of the elements of the matrix Ry are as

follows (Chatterjee and Hadi, 2009; Prészynski, 2012):

riyi=1,..,n,0<r;<1

i
Fjy =1, n,j 71,0 < Jrgl <05

rij = oimpliesry = 0, wherek =1,...,n,k 7 i.

The diagonal elements r;; of the matrix Rs, abbreviated as
ri(i = 1,...,n), are partial redundancies, also termed the re-
dundancy contributions of individual observations (Ding and
Coleman, 1996). We will simply call them redundancy indices.

The model’s average redundancy index 7 is the following:

__Xnpti_n-(u-d) _f
P = “w (5)
Denoting by ny the number of observations for which f = 1

for a given model (1a), we get from the formula (5):

_ 1 1 _
fg= — = ———— 0<T7y<O. 6
0 no u_d+1! 0> 5 ()

where 7y is a minimal non-zero value of r for a given model.
Hence, the range of non-zero values of 7 for models can be
defined as [ro,1). We shall call 7y a model minimal average
redundancy.

The non-diagonal elements r;; are the covariances between
the LS-estimated i-th and j-th standardized observation. With
r; > 0.5, the increase in the values of r; implies the decrease in
Tij (j=1,...,n); j #i) in terms of the absolute value.

Proof. For Rs as an orthogonal projector, we can write rl.2 +

n 2 _ 2 _ 2 3 3 3
je1,j7 T = Tio and so, Zj=1,j;fi riET T which finally yields

‘rij‘max < L\ Jri- rl.2 G =1..,nj#i). Forr; > 0.5, itis a
decreasing function. O

From the relationship (4) it follows immediately that with
rij = 0 for a particular pair of the observations such that r; 7 0
and 1 #0, the disturbance in the i-th one will not induce any
response in the j-th one.

There are models whose matrix Rg has some or even all rows
(and therefore columns) linearly dependent, which makes out-
lier identification impossible. The observations corresponding
to these rows were called the Region of Unidentifiable Errors -



RUE (Pré6szyniski, 2008). Since, in general, there can be several
RUEs in a model, we give a definition of a single RUE being a
set of q observations.

Definition:

= r . r
m(q(q—ﬂ/z) }
r.

where r;,r i Tmo Ty Tims Tjm AT€ the corresponding elements of
the matrix Rs, q(q - 1)/2 is a number of unidentifiability condi-
tions.

The unidentifiability condition for a pair of observations can
be transformed into the following equivalent form:

I = Vi = f‘u‘\f:

which means that the LS residuals for the i-th and j-th obser-
vation in the standardized model should be linearly dependent.
We quote below a condition for non-existence of RUEs:

(7)

ITim| =

o)1 ®

- in a model with a redundancy level such that r; > 0.5 (i =
1,...,n), there cannot exist any RUE.

The condition results directly from the maximal absolute
value of non-diagonal elements of Rs being 0.5.

It is easy to prove that for the q observations constituting a
particular RUE(q), all the Baarda w-statistics, i.e.,

Vsi _{Rs}i

w. = = . ,
DR A

where {Rs};, - the corresponding row of the matrix Rs, will
have identical absolute values.

The property holds for any set of observation standard devi-
ations that can be assumed in a model (1a). This means that the
existence of RUEs in a model (1a) depends only on the structure
of its design matrix A.

We can distinguish a Global RUE (q = n), covering all the
observations in a model, and a Local RUE (2 < g < n) covering
some observations in a model. There can be several Local RUEs
in a model. A model with Rs of rank equal to 1 (i.e., f = 1),
always forms a Global RUE, e.g., a leveling loop. In such mod-
els, outliers can be detected depending on their magnitude but
cannot be identified.

The above properties of RUEs lead to the following conclu-
sion regarding the identifiability of outliers and determining
Minimal Identifiable Biases (MIBs) (Teunissen, 2018; Imparato
et al., 2018) or Identifiability Indices (IDs) (Prészynski, 2015):

i=1,...q (9)

- an outlier y, (with r, # 0) is identifiable, and hence MIB, (or
ID,) is determinable if f > 2 and y;, ¢ RUE.

3 Proposal of a concept of outlier-exposing
potential of a GMM

The LSE based disturbance/response relationship shows that
the greater the redundancy of the model, the greater the con-
centration of model responses in the location of observation
disturbance. According to this property, it becomes easier and
easier to identify observations contaminated by gross errors,
i.e., outliers. By successive removal of dominating outliers one
may finally determine the LS estimates of the model param-
eters comparable in terms of correctness to those obtained in
robust estimations, provided random errors are normally dis-
tributed.
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Therefore, we have both theoretical and empirical grounds
to conclude that with a sufficiently high level of model redun-
dancy, LSE demonstrates in terms of standardized residuals
an advantageous behavior in the presence of outliers. So, we
propose terming this specific LS-based property of a GMM the
outlier-exposing potential.

In contrast to robust estimation procedures, LSE does not
introduce observation weighting other than that being an in-
tegral element of a given GMM. Let us also note that the re-
dundancy matrix Rs that generates the LS model responses de-
pends only on the standardized design matrix As (see formula
(3), which determines the model’s redundancy. So, the ad-
vantageous concentration of model responses mentioned above
can be regarded as associated with the original model (1a).
The above statements lead to the conclusion that the outlier-
exposing potential displayed by LSE can also be considered a
redundancy-resulting property of the model itself.

We will finally propose the following descriptive definition:
Outlier-Exposing Potential (OEP) of a GM model - the ability of
GMM, conditioned by redundancy level, to yield LS responses
to a gross error so that the response dominating in terms of
size is in the contaminated observation, thereby exposing an
outlier.

A precise definition will be contained in a corresponding
measure given further on. The presentation of the measure
will be preceded by deriving an auxiliary index based on the
changes in the outlier test statistics (Aw) induced by a single
gross error in a model.

The index denoted as RC;; and termed a response concentra-
tion index, referring to the i-th observation contaminated by a
gross error and the j-th not contaminated observation, is de-
fined by:

A AW AW
RC;; = ‘ Wl(‘l)A’w,(’,)‘ (l)‘ }sz:j} ‘ (VS i vSJ> ) (10)
where p (VS A }> is the coefficient of correlation between the

LS residuals in the standardized model (1b), RCij takes values
within the interval [0, 1].

Since p (OS ,,OS]) (Wi(i)ij(i)>y the formula (10) is con-
sistent with a well-known property (Forstner, 1983). The prop-
erty says that in addition to the probabilities of I type, and II
type errors (not applicable in the proposed approach), the cor-
relation between the outlier test statistics is decisive for iden-
tifying the contaminated i-th observation.

Derivation of the formula (10):

) AV i Al i
On the basis of (9), we get Aw;;) = \}',(I) and Aw;;) = %(')
i J

Assuming a gross error in the i-th observation (Ayj ;) and

using (4), we can write Avs’i(,.) = -1 Ay and Avs,j(i) = Ty
AV, .
ysP‘Ilence, we obtain:
. ‘A (1)’ ‘rij‘ AV i
‘AW'(I)‘ \ﬁﬁ Vs (1)
I

VA

From semi-positive definiteness of the matrix Rg it follows
that ‘Awi(i)‘ > T ‘(i)‘- The more the value of ‘Awi(i)‘ exceeds

the value of )A iy ij» i.e., the concentration

of the model’s response to a gross error at its location. For the i-

th and j-th observation belonging to RUE (i.e., unidentifiable),
we have RCijz 0.
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Based on the RC;; indices, we establish a measure for OEP:

OEP = G = 1)Z Z RCj; (12)

i=1 j=1,j7i

which is an average value of the RC;; index in a model.

The RC;; indices are non-diagonal elements of a matrix
K(n x n) defined by K = 1p - |Cor(Rs)|, where: Cor(Rs) - a
correlation matrix formed based on the redundancy matrix Rg,
Cor(Rs) = (diag Rs) ™2 - Rs - (diag Rs) Y2, 1, - the n x n matrix
of ones, |Cor(Rs)| - a matrix with elements being the absolute
values of the elements of Cor(Rg).

The matrix Cor(Rs) contains complete information about
the model’s response to gross error in each observation. It in-
dicates pairs of observations for which there is no disturbance
transmission, i.e., RC; = 1, and pairs belonging to RUE, i.e.,
RCU =0

With the appropriate summation order in the formula (12),
one may indirectly determine the OEP component values (de-
noted as OEP;) for each of the n observations, i.e.,

i=1,...,n. (13)

n
1
EP;= — > RCy

J=Lj7
OEP for a given GMM could be represented as, for example,
a set of the following three elements:

{OEP, OEP_;,, OEPmax } (14)

where OEP;, and OEPmax are the extreme values of OEP;.
For a model being a Global RUE (e.g., a leveling loop), OEP =
0. It is easy to check that for the model (1a) with A(n x 1) =

[11...1)T and C(n x n) = 0?I(n > 2), OEP = OEP_; = OEPmax
will be the following:
n-2
OEP = 1 (15)
and since 7 = 1 - n~!, we get for this model:
1 -
OEP =2 - = fo = 0.5. (16)

Properties of RC;; and OEP:

« as it is shown in the derivation of the formula (10), RC; and
hence OEP do not depend on the magnitude of the gross
error Ay ;;

- the smaller the correlation between the i-th and j-th LS
residual in the standardized model, the greater the RC;;. It
is known that the correlation is the smaller, the more re-
mote (in terms of the connections in a network) is the j-th
observation from the i-th one;

- with rj=0 where r; 7 0 and I # 0, we have p (05 1'051)
and hence RC; = 1;

- for a pair of observations where rj = rj, we can modify (11)
as shown below:

i [Awico| _ o il _\’i'\_

‘Awi(i) ‘ i

‘Av J(l)‘

=1 LA
ﬁﬁ "i ‘Avs l(l)‘
which means that RC;; for such a pair can equivalently be de-
termined using increments in the LS residuals in the stan-
dardized model (1b);
- an increase in the model’s redundancy due to adding some
observations results in an increase in OEP. For r; > 0.5, with
the increase in n, r; values increase while r;; values decrease,
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and this causes an increase in OEP;

- from the formula (15) it follows that with n — co, OEP — 1.
The range of OEP values is thus [0, 1);

- since for f = 1, OEP = 0, the “0” level of the OEP for a given
model falls at 7y (see (6));

- even though OEP for a given model increases with increas-
ing 7, due to the different positions of the OEP’s “0” on the
T axis for various models (see (6)), it is not possible to for-
mulate a general dependence of OEP on r covering all the
models;

- changing standard deviations of the observations, which isa
modification of the model, implies the change in OEP value;

- OEP is invariant to equal changes in all the o values since
this does not affect the redundancy matrix Rs;

- it is difficult to establish a strictly justifiable lower accept-
able limit for the OEP values. The definition of OEP shows
that the higher the OEP value, the more the distribution of
the model’s responses to gross error (without taking into
account the effect of random errors) exposes the location of
the infected observation. Since at OEP = 0.5, the response
at the location of the gross error is on average twice as large
as the response in any other observation, this value could be
considered a lower acceptable limit. Then OEP > 0.5 would
be treated as a required level of the potential. With very
high OEP values, e.g., OEP > 0.9, it could be expected that
the response distribution may expose 2 or more gross errors
(especially those located remotely from each other).

4 Extending the RC; and OEP measures to
cover the impact of observation errors

The RCij definition as in (10) will be replaced by that below:

ol = (%l _, _ %ol

RC{) = (17)
[wich| \Wim\
On the basis of (9), we get:
iR}
Wigiy = = < \/% “es + \/Fi‘AyS,i>,
(18)

Wiy = = R g0 i
A

where es is a vector of standardized observation errors;
es~N(0,1), Ay, ; is a standardized gross error in the i-th ob-
servation, and hence:

R} ”
{\/}% -eg + %Ays,i

| B s s 72y

RC(r) =1- , (19)

where the resulting index chjr) is arandom variable, with prob-

ability distribution difficult to establish.

To have an unambiguous measure for model analyses, rep-
resentative for all possible vectors es, we will assume the expec-
tation of this variable, i.e., E(RClg.r )), determined empirically.

To determine E(RC?}T)) empirically we have to realize the for-

mula (19) using a sufficiently large number of numerically sim-
ulated vectors es (10000 simulations were applied). As a final
result, we take an arithmetic mean of all the values obtained for
individual vectors es. Also, empirical variance, i.e., var(RC,(jr)),



can be determined. We estimate the precision of indices for
+0.01.

To avoid complicating the notation, we will further omit the
expectation value symbol. Although the Ay ; symbol does not

appear in a general notation RClg.r), it will be visible in a specific
notation chjr)(Ays,i = a).

We can see that with es = o0, RC?.r ) for any value of Ay ;
becomes RCi)-. Like in the case of RC,»j and OEP (see (12)), on
the basis of RCE}.Y) one can form an outlier-exposing potential

for a whole network, denoted by OEP(") and being an extended
version of OEP:

OEP(™ =

1 vy rRc" (20)
n(n -1) Z Z iy’

i=1 j=1,j7i

where both all RCIS.r ) and OEP(" are determined for a specified

value of Ay ;.
Analogously to (13) and (14), we shall write:

n
n_- 1 @ i =
O D (Rcij ), i=1,...,n (21)
j=1j7i
{oEP™), 0EPY) | OEPD), (22)

where all the quantities are based on the same specified value
of AyS,i'

Properties of RCI(].') and OEP(") obtained empirically:

- RCD(Ayg; = a) = RED(Ayg ; = -a);
- for some size of gross error Ay ;, ch) may take negative

values;
- with increasing Ay ;, RCl(jr) tends asymptotically to RC;j;
- if the i-th and j-th observations belong to RUE, then in
addition to RC; =0 (as was already proved) there is also

RCEJ.Y ) = 0, regardless of the size of Ay ;;
- OEP((Ayy ; = a) = OEP()(Ayg ; = -a);
- for some size of gross error Ay, ;, OEP(") may take negative
values; ’
- with increasing Ay, ;, OEP(") tends asymptotically to OEP;
- forthei-thandj-th observation not belonging to RUE, there

is a relationship RCE}T ) < RC;; regardless of the size of Ay ;-

ij
For models without RUEs this results in that OEP(") < OEP,
regardless of the size of Ay ;.

The last three properties apply also to 0EP§r ), OEPE&rl and
OEP{)

max-*

Some of the above properties concerning OEP and OEP(") are
shown in Figure 1, for the model (1a) with A(n x 1) = [11. .. 17T
and C(nx n) = o2Iforn =3, ..., 10. It should be noted that for
n = 2, due to a Global RUE in this model, OEP and OEP(") have

zero values.

5 Seeking reflection of OEP in MIB values

Due to conceptual differences, OEP and MIB (Teunissen, 2018;
Imparato et al., 2018) cannot be compared directly. However,
we can talk about a relation such as the reflection of OEP in
the MIB values. Following the OEP definition, in models with
larger OEP we can expect lower values of Minimal Identifiable
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OEP | OEP" (Ay:)
10
. - . .+ OEP
08 = - :, e e Ayi=d
06 L e e A
05 — et T
04 - e
o Ay-2
02 - R
00 . LT . : . o=
3 T4 5 6 7 8 9 10 n
02 -
. Ay=1
04 ST )
06 - -
08 -

Figure 1. Variability of OEP and OEP("(Ays) with increase in n (for
n =3 and Ays = 4, OEP = 0.50, OEP(") = 0.49)

Bias (MIB). In other words, in a model with greater OEP it
should be possible to identify an observation contaminated by
a gross error of smaller magnitude.

Prior to the analysis of specific examples, we introduce the
following auxiliary coefficient:

o)
o OEP; \ip (23)
Yi= TOEP;,

where: OEPErI\)/HB - a simplified notation for OEP?r)(AyS’i =
MIB ;), MIB’S,,» - standardized MIB for the i-th observation
(x = 0.05, B =0.20).

The coefficient v; indicates the amount of reduction of the
redundancy-induced potential of the i-th observation due to
random observation errors and a gross error of the size of
MIBg ;, contaminating this observation.

For models where OEP; = OEP for i = 1, ..., n, the index
i may be omitted. This applies also to MIB, ; where MIB ; =
MIBs (i=1, ..., n). ' ’

In Table 1 we show the results of computations for the ob-
servation scheme as in Ex. 5 (see Sect. 6). The results for some
other schemes are given in a descriptive form.

The range of variation of -y; for Ex.5 is [0.87; 0.94] and the
average value ¥ = 0.91.

The results as regards y for other schemes are the following:

- Ex. 2-6 obs. For each observation we have OEPI(?,HB = 0.54;
OEP; = 0.6; MIB; = 5.21; y; = 0.90; '

+ EX. 4-9 obs. For observation yg and yq that do not belong
to RUEs v; = 0.91 and 0.94 respectively;

- EX. 4-10 obs. Except for y3, y, and ys that belong to RUE:
vi[0.84; 0.94], ¥ = 0.88;

- Ex. 4-12 obs. Except for y; and y, that belong to RUE:
vil0.85; 0.91], ¥ = 0.88;

- For Ex. 3*(GPS)-12 obs., where the matrix Rs has a specif-
ically disadvantageous structure regarding the transfer of
disturbance effect between the individual observations (see
Sect. 6), we got v;[0.82; 0.84], ¥ = 0.83.

In the search for the relationship between OEP; and MIBg ;,
the Pearson correlation coefficient for these quantities was
checked for three Examples, obtaining:

- Ex. 4-12 obs. (excl. y; and y, that belong to RUE) p = -0.87
(strong correlation);

- Ex. 5-13 obs. (see Table 1); p = -0.80 (strong correlation);

- Ex. 3(GPS)-12 obs.; p = —0.53 (moderate correlation - most
probably due to the specifically disadvantageous structure
of Rs).

The negative correlation is consistent with the expectation
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Table 1. Relation between OEP;, OEPS') and MIBy ; for observation scheme as in Ex. 5-13 obs.

Obs. No. 1 2 3 4 5 6 7 8 9 10 1 12 13
MIBg; 9.58 5.89 7.81 7.25 5.95 504 7.9 581 521  7.73  5.78  4.67  4.70
OEP") =~ 0.61 0.65 0.65 0.65 0.66 0.66 0.65 0.64 0.69 0.64 0.66 0.71  0.69
OEP; 0.65 0.71 0.72 0.71 074 0.73 0.70 0.70 0.78 0.70 0.73 0.82  0.78
vi 0.94 0.91 0.91 092 0.90 0.90 092 092 088 092 090 0.87 0.88

that the greater redundancy-induced potential of a model for a
given observation should enable its identification (as an outlier)
if infected with a gross error of smaller size.

The empirically obtained overall result v;[0.84, 0.94], ¥ =
0.90 (excl. Ex. 3), and especially the negative linear correlation
between OEP; and MIB ;(i = 1, ..., n), show that there exists
a reflection of the OEPiy values in the MIB ; values. The re-
flection allows us to state that the concept of outlier-exposing
potential proposed in this work is reasonable and correct. We
may then expect that higher OEP and OEP; values may imply
greater effectiveness and efficiency in identifying outliers.

6 Observation schemes used in tests

The computations were carried out for the following observa-
tion schemes and their observational variants:
+ Ex. 1. Repeated measurements of one quantity; A(n x 1) =
[11...17
- BObS.; 01 =03 =03= 1mm
- 3*obs.; 0y =1mm, o, = 3mm, o3 = 2mm
- 4o0bs.; 0y =0, =03=0,=1mm
+ Ex. 2. 4-point leveling scheme (Figure 2a)
- SObS. 01 =03 =...
2=1y3,),}
- 5% obs. 07 =+ 05 :2, 2, 3, 3,2 [mm], RUE as above;
- 60bs. 07 = 0 = ... = 0g = 1Imm; rj =0 for (y1,y3),
(V2,¥4), V5,96)
+ Ex. 3. 4-point 2D GPS scheme (Figure 2b)

= 05 = imm, RUE 1 = {y;,y,}; RUE

- 10 0bs. 03 = 0 = ... = 019 = 10mm, RUE 1 = {y;, y3};

RUE 2 = {y,,y,}; RUE 3 = {y5,y7}; RUE 4 = {y4,yg}, 50

elements rj=0 in Rg;

- 120bs. 07 = 05 = ... = 015 = 10 mm, 84 elements rj=0
in Rg;
- 12% obs. o1+ 012 2,2,3,3,2,2, 4, 4,2.5,2.5,5,5

[mm], rj=o0as above;
+ Ex. 4. 7-point levelling scheme (Figure 3a)
- 9o0bs. 0y+09:2,1,2,1,2,2,1,2,2 [mm]; RUE1 = {y,
Y7} RUE 2 = {y,, y}; RUE 3 = {y3, y,, y5}
- 10 obs. as 9 obs. + V9, 1-3, 0 = 1mm ; RUE= {y3, y,, y5}
- 110bs. as 10 obs. + yy3, 3-5, o = 1mm; RUE= {y3, y,, y5}
- 12 0bs. as 11 0bs. + Vy3, 2-6, o = 1mm; RUE= {y3, y,}

- Ex. 5. 5-point angle-linear scheme (Figure 3b, Table 2)

- 9obs. 07 + 09 :2,3,2,3.5, 3, 4 [mm], 3, 3,3 ["]; RUE
1= {y1,¥2,Y5,¥7,Y8}; RUE 2 = {y3,y,,y9}

- 10 obs. as 9 obs. + angle y;4, 2-3-1(C-L-R code), o = 3”,
RUE = {y3,y,,Y9}

- 11obs. as10obs. + angley;;, 3-5-2 (C-L-R code), o = 3”,
RUE = {y3,y,,Y9}

- 13 obs. as 11 obs. + distances yi,, 1-4, 0 = 4.5mm, Vi3,
2-4, 0 = 4Amm

- Ex. 6. 14-point angle-linear scheme (Figure 4)

- 48 angles (o =10”) and 48 distances (o = 5mm)

€)) (b)

Figure 2. (a) 4-point levelling scheme, (b) 2D GPS scheme; Local
RUEs marked with colours
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Figure 3. (a) 7-point leveling scheme, (b) 5-point angle-linear
scheme; Local RUEs marked with colours
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Figure 4. 14-point angle-linear network

Table 2. Approximate coordinates [m]

No. 1 2 3 4 5

202.0 2.0
240.0 200.0

X 25.0 112.5
Y 11.0 7.0

240.0
135.0




Table 3. The computed OEP values versus the redundancy levels
T

il

Ex. u d To n OEP,in OEPmax OEP

3 0.50 0.50 0.50 0.67
Ex.1 2 1 0.50 3% 0.36 0.68 0.52 0.67
4 0.67 0.67 0.67 0.75

5 0.42  0.44  0.43  0.40
Ex.2 4 1 0.25 5% 0.33 0.54  0.49 0.40
6 0.60 0.60 0.60 0.50

10 0.74 0.75 0.75 0.40
8 2 014 12 0.82 0.82 0.82 0.50
12%  0.78 0.85 0.81 0.50

Ex. 3
GPS

9 0.52 0.63 0.57 0.33
10  0.61 0.79  0.66  0.40
1 0.66  0.81 0.74  0.46
12 0.70 0.82 0.77 0.50

Ex.4 7 1 0.14

9 0.37 0.53 0.43 0.22
10 0.51 0.62 0.57 0.30
11 0.58 0.69 0.64 0.36
13 0.65 0.82 0.73 0.46

Ex.5 10 3 0.13

Ex.6 28 3 0.04 96 0.93 0.98 0.96 0.74

Table 4. Values of OEP and OEP("(Ay,) for Ex. 2

Ex. 2. 6 obs. AVs
1 2 3 4 5 6
OEP 0.60 0EP")  -0.44 -0.07 0.30 0.48 0.53 0.55
OEPy, 0.600EPY) ~ -0.45 -0.08 030 0.48 0.53 0.55
OEPpax 0.600EPY). -0.43 -0.06 0.30 0.48 0.53 0.55

7 Results of the OEP and OEP(") computations
and their discussion

In the case of models containing RUEs, the extended version
of the potential is determined only for individual observations
that do not belong to RUE, i.e., with non-zero OEPIV).

i. Empirical study of OEP

The results shown in Table 3 confirm the properties formu-
lated based on theoretical considerations (see Sect. 3). Here
are some additional conclusions:

differentiation of observation accuracy results in the dif-
ferentiation of the OEP; values (see Ex. 1-3*obs., Ex. 2-
5*obs. and Ex. 3-12*o0bs. as compared to Ex. 1-30bs., Ex.
2-50bs. and Ex. 3-120bs., respectively);

the residuals’ correlation structure in Ex. 3(GPS), espe-
cially for 12 observations, is specific due to many observa-
tion pairs with r;; = 0, and hence RC;; = 1. This contributes
to high OEP values at a not particularly high level of r;

- very high OEP values in Ex. 6 have been caused not only
by a high redundancy level of a model but also by the influ-
ence of a great many mutually remote observations (i.e.,
with RCij close to 1).

ii. Empirical study of OEP(")

The relation between OEP and OEP(") for some levels of Ay ;
is shown in Figure 1 (Sect. 4) for the observation scheme as
in Ex. 1 with n = 3, ..., 10. Similar information, but in a
tabular form, is presented for the observation systems as in
Ex. 2-60bs., Ex. 5-130bs. and Ex. 6 (Tables 4, 5, and 6).

The above results (together with the intermediate ones) con-
stitute the information that was used for the formulation of the
properties of RC,(jr), OEP, and OEP("), presented in Section 4.
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Table 5. Values of OEP and OEP((Ay,) for Ex. 5

Ay
Ex. 5. 13 obs. 1 5 3 4 5 6
OEP 0.73 OEP")  -0.43 -0.04 0.30 0.50 0.60 0.65
OEP,;;,0.650EP")  -0.52 -0.32 -0.07 0.16 0.35 0.48

in
OEPmaxo.SzoEPE’:)ax -0.35 0.17 0.52 0.66 0.72 0.75

Table 6. Values of OEP and OEP")(Ay,) for Ex. 6

Ex. 6. 96 obs.
9 1 2 3 4 5 6 7

OEP 0.96 OEP" -0.30 0.25
OEP.,0.93 OEP) -0.43  -0.02
OEPmax0.98 OEPE':LX -0.22 0.38

0.58 0.72 0.79 0.83 0.85

0.35 0.57 0.69 0.75 0.79
0.67 0.78 0.83 0.86 0.88

Verifying these properties on a larger set of observation sys-
tems would also help develop the optimal number of simula-
tions of random error vectors. The weakness of the measures
adopted for the outlier-exposing potential of a model is the
averaging of the values of RC;; indices, which does not reflect
their actual variation in a model.

Although the OEP and OEP(") measures do not have a prob-
abilistic basis, such as in statistical hypotheses testing, they
describe the model’s properties related to the process of iden-
tifying outliers. That is why we believe they can be considered
auxiliary reliability measures in addition to the existing ones
such as MDB and MIB.

8 Concluding remarks

The basic version of OEP indicates the outlier-exposing abil-
ity of a given model induced by its redundancy, independent
of the magnitude of gross error. The extended version OEP(")
shows the reduction of this ability due to the masking effect of
observation errors, for the specified magnitude of gross error.
Both versions enable comparing different models despite their
different minimal average redundancy.

Although they do not have a probabilistic basis, they provide
information about the model’s outlier-exposing ability level,
making outlier detection and identification easier. In this re-
spect, they can supplement the existing reliability measures
such as MDB and MIB.

Besides the GMMs for network adjustment, the proposed
concept also applies to such GMMs as, e.g., linear regression,
similarity transformation, or affine transformation.

A desired direction of future research would be to investi-
gate the degree of correlation of the OEP level of the model with
the level of effectiveness and efficiency of identifying outliers
(as a separate or inherent diagnostic procedure) in parameter
estimation using robust and non-robust methods. The results
of the research presented in this paper allow us to expect a pos-
itive correlation. It is also planned to work on specifying the
value of the acceptable lower limit of OEP, adopted here based
on approximate reasoning.
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