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Abstract

This study aims to couple satellite data with precise geometric models. The performance assessment of the method is based on thedataset collected at a part of the vertical base geodetic control network in the Podkarpackie province in Poland. We used baselinesdetermined in two 12-hour-long static Global Navigation Satellite System (GNSS) measurement sessions and referencecoordinates of vertical base points of the geodetic control network. Baselines obtained from satellite measurements were used forthe fusion, considering the height anomalies taken from the corresponding official geoid model PL-geoid2021. Proprietarysolutions played a key role in satellite measurements by ensuring the correct performance of long-term measurements withoutrequiring the manual measurement of the height of GNSS antennas relative to the marks of the measured geodetic control points.Two patented solutions were used for the first time in this study. The results confirmed the correctness and high applicability ofthe presented approach.
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1 Introduction

Due to the deformations of the Earth’s surface and the subsidence ofvertical control network marks, the coordinates of the vertical con-trol networks become out of date, so in Poland, it is recommended toconduct precision leveling of the entire basic vertical network every20 years. The following precision leveling campaigns were con-ducted in Poland after the country regained independence (Kadaj,2018; Wyrzykowski, 1993):
• 1926 – 1937: establishment of an accurate, uniform height net-work necessary for the economic development of the country,• 1947 – 1955: supplementary work in the Recovered Territories,development of a new network linked with neighboring coun-tries,• 1974 – 1982: densification of the previous network, improve-ment of accuracy, linkage with mareographic stations, study ofvertical movements of the Earth’s crust, creation of a UnifiedHeight Leveling Network (UHLN) with neighboring countries,further, based on the 1978 development of the “Concept formodernization of the country’s vertical geodetic network”,

• 1999 – 2002: implementation of a new height system, which isa mathematical and physical realization of the European VerticalReference System (EVRS), a kinematic European vertical sys-tem adopting differences in gravity potential referenced to theAmsterdam reference level or corresponding normal heights,approved by Resolution No. 5 at the EUREF sub-committee as-sembly in Tromsø in 20001,• 2024: commencement of the project implementation of themodernization of the basic height geodetic network.
The result of the first measurement campaign, in the years 1926–1937, was a vertical network referenced to the German Normal-Nulllevel, which is the level of the North Sea in Amsterdam, representedby the benchmark placed on the Torun Town Hall (H = 50.518 m).The following measurement campaign in the first stage was aimedat extending the network established in the interwar period. In thesecond stage, a uniform network was measured throughout thecountry, which led to the establishment of a network referencedto the Baltic Sea level in Kronstadt (Wyrzykowski, 1993). Based

1 https://www.euref.eu/euref-symposia/troms%C3%B8-norway-22-24062000
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on measurements from the 1950s, the state normal height system“Kronsztadt’1960” was defined. The third measurement campaign,in the years 1974–1982, consisted of two stages of development. Inthe first stage, the main focus was on updating the vertical coor-dinates of points that had become outdated as a result of verticalmovements of the Earth’s crust, densifying the class I leveling net-work, linking it to mareographic stations, and creating the UHLNtogether with neighboring states. In the second stage, in 1978, the“Concept of modernization of the country’s vertical geodetic net-work” was developed, aimed at densifying the Polish fragment ofthe UHLN for economic reasons, attaching part of the class II tractsto the class I network. Based on this work, the new state verticalsystem “Kronsztadt’1986” was defined. The difference betweenthese systems (HKr60 – HKr86) oscillated between -0.012 m and0.139 m. In practice, these systems were used in parallel even inthe first decade of the 21st century, causing many problems in theimplementation of projects, for example, roads, highways, and rail-ways. The fifth measurement campaign of the height network wasconducted in 1999 – 2002, which resulted in the creation of a newreference system “Kronsztadt’2006”. Despite the high accuracy ofpoint height determination, this system was not formally adoptedfor practical use. The main reason for this decision was the plannedreturn to a uniform European vertical system for the mean level ofthe North Sea. Subsequently, in accordance with the recommenda-tions of the European Commission in the Infrastructure for SpatialInformation in Europe (INSPIRE) Directive (Journal of the Euro-pean Union, 2010), data from the “Kronsztadt’2006” system wereused to determine heights in the new PL-EVRF2007-NH datum,which is the Polish implementation of the European Vertical Ref-erence Frame 2007 (EVRF2007), tied to mean sea level measuredat the Amsterdam mareograph (Normal Amsterdam Peil – NAP)(Gajderowicz, 2007; Kadaj, 2018). Preparations are currently un-derway for the fifth precision leveling campaign, which will alsouse GNSS satellite measurements (Ogrodniczak et al., 2022).

2 Geometric leveling

Precise geometric leveling is aimed at updating the coordinates ofpoints of the basic height control network that change due to move-ments of the Earth’s crust or as a result of subsidence. It involvesdetermining the height differences of points in the actual vectorfield of gravity. Since the mutual position of equipotential surfacesis irregular, calculation of the height of points of leveling tractsrequires corrections to the height in the adopted height system, inaddition to the vertical values obtained by the technique of precisegeometric leveling. In Poland, a normal height system is imple-mented, in which the height differences ∆HN
AB between adjacentpoints A and B are the sum of the measured height difference ∆nABand the normal correction NCAB. It can be written as:

∆HN
AB = HN

B − HN
A = ∆nAB + NCAB . (1)

Normal correction NCAB, calculated from the measured actual ac-celerations g, the calculated mean normal accelerations γA and γBat points A and B, and the normal accelerations γ0 calculated on thereference ellipsoid (Heiskanen and Moritz, 1981), can be writtenas:
NCAB = B∑

A

g − γ0
γ0 δn + γA − γ0

γ0 HN
A −

γB − γ0
γ0 HN

B . (2)

Normal corrections are calculated from gravimetric data (Barlik andPachuta, 2007). Additionally, in precise leveling, at the stage of pro-cessing observation results in the form of height differences ∆nAB,the following phenomena with a direct impact on the measurementresults during their implementation should be considered: compar-

ative corrections of leveling rods, changes in the length of levelingrods caused by temperature variations during measurement, anddiurnal variations in the direction of the plumb line caused by thegravity of the Sun and Moon. In addition, the comparative, ther-mal, and lunisolar corrections are incorporated in precision leveling(Journal of Laws of the Republic of Poland, 2021).In the normal height system, corresponding to Molodiensky’stheory, physical equipotential surfaces (actual vector gravitationalfield) are theoretically replaced by mathematical spheropotentialsurfaces (normal vector gravitational field). The normal heightat a given point is calculated along the normal vertical line fromthe ellipsoid with normal potential U0 equal to the actual potentialof the geoid W0, to the spheropotential surface UP correspondingto the equipotential surface W P containing point P located on theEarth’s surface, where UP = WP (Kamela et al., 1993).

3 GNSS leveling

Point coordinates obtained from GNSS measurements can be ex-pressed in an orthogonal, Cartesian geocentric reference frame oras geodetic coordinates with respect to an ellipsoid inscribed in thissystem. The ellipsoidal heights of points are determined from thesurface of the ellipsoid to points lying on the physical surface of theEarth along lines normal to the surface of the ellipsoid containingthe points in question (Lamparski, 2001; Misra and Enge, 2002).The fundamental GNSS observations are code pseudorange andcarrier phase measurements, described as (Leick, 1995; Hofmann-Wellenhof et al., 2008):
Ps

k = ρs
k + (

δts − δtk
)

c + δρion + δρtrop + εP (3)
Φs

k = ρs
k + λNs

k + (
δts − δtk

)
c − δρion + δρtrop + εΦ (4)

where code pseudorange is denoted as Ps
k, c is the speed of lightindices s and k refer to the satellite and GNSS receiver antenna.Phase observation is denoted with Φs

k, λ is carrier wavelength. ρs
krefers to the geometric distance between satellite and GNSS receiverantenna (Cellmer et al., 2010; Remondi, 1991; Teunnissen, 1995).

δts and δtk denote satellite and receiver clock biases, respectively.The ionospheric refraction and tropospheric refraction are repre-sented byδρion and δρtrop. Random errors of the code pseudorangeand phase pseudoranges are denoted by εp and εφ, and finally Ns
kdenotes ambiguity of phase observations.GNSS leveling is a process that combines a position determinedby GNSS measurements, spatially referenced to a specific ellipsoid,and a geoid (quasi-geoid) model developed relative to the same ref-erence ellipsoid. Based on the coordinates of a given point, latitude

ϕ and longitude λ, the undulation of the geoid N, expressing thedistance of the geoid from the ellipsoid at a given point along theactual plumb line, is interpolated from the geoid model. The ortho-metric height HO, representing the height in the real vector field ofgravity, is obtained by differentiating the ellipsoidal height h andthe undulation of the geoid (Czarnecki, 1997). It can be written as:
HO = h − N . (5)

When transforming from the orthometric height system to thenormal height system, the geoid undulation N can be converted tothe height anomaly ζ using the Bouguer anomaly ∆gB (Heiskanenand Moritz, 1981; Kloch and Kryński, 2008). It can be written as:
ζ = N −

∆gB

γ
Ho . (6)

This makes it possible to express the normal height HN, i.e. theheight in the normal vector field of gravity, where the normal grav-
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ity γ is determined, as:
HN = h − ζ . (7)

At a given point along a normal vertical line, the height anomaly ζrepresents the distance between the Molodensky quasi-geoid andthe reference ellipsoid within a Cartesian 3D coordinate system (seeFigure 1) (Czarnecki, 1997).

Figure 1. Molodensky quasi-geoid and reference ellipsoid.

Several studies of the quasi-geoid model for Poland have ap-peared in geodetic studies since the beginning of the 21st century(e.g., leveling geoid 2000, PL-geoid-2011) (Kadaj, 2010; Osada, 2015;Stepniak et al., 2016). The accuracy of these studies has evolvedwith the availability of new leveling and gravity data, as well aswith the increasing accuracy of the realized spatial system, nowdefined based on permanent GNSS observations collected at ASG-EUPOS stations. The quasi-geoid model now in force in Polandis PL-geoid20212, which combines the PL-EVRF2007-NH verti-cal coordinate system with the PL-ETRF-2000 3D spatial systemreferenced to the GRS’80 ellipsoid.

4 Static GNSS measurement method on existing
vertical network points – solutions

In satellite leveling, a static satellite measurement over the markof a vertical network involves centering a GNSS antenna, mountedon a surveying tripod, and accurately determining its height overthe mark. Next, static GNSS measurements and data processingare performed. Direct, accurate determination of the height of aGNSS antenna is difficult to achieve with a linear gauge, so it isrecommended to determine it precisely by indirect methods, suchas using a total station, which is problematic to implement and cancause a number of errors. At the University of Warmia and Mazuryin Olsztyn, a method of conducting a static measurement on verti-cal network marks has been developed, using a device for forcedprecise centering of the GNSS antenna (see Figure 2 (Baryla, 2007)).This solution allows for the determination of the vertical heightof the antenna over the vertical point mark with an accuracy of0.3 mm (at a centering height of 2 m). The height of the AntennaReference Point (ARP) of the GNSS antenna over the mark is deter-mined directly by the height of the instrument. Bearing in mindthat the leveling networks on the territory of Poland were estab-lished over several decades, various solutions for the stabilizationof ground signs of height points can be observed. Several types ofused marks (benchmarks) are used, including cast-iron marks ofvarious sizes, as well as stainless steel benchmarks produced bymachining. These signs can be above the ground as well as belowit, and the main axis of the mark can be oriented horizontally orvertically. Given the above, it was necessary to develop universalsolutions for static GNSS measurements on existing points of a
2 https://www.gov.pl/web/gugik/modele-danych

Figure 2. Instrument for precise forced centering of GNSS antennas(Baryla, 2007)

Figure 3. Instrument stabilizer for precise forced centering of GNSS an-tennas, on vertical marks with horizontal principal axis, espe-cially in precision satellite leveling technique (Baryla, 2025b)

Figure 4. Stabilizer for positioning a GNSS antenna over a vertical pointwith a vertical benchmark axis (Baryla, 2025a)

https://www.gov.pl/web/gugik/modele-danych
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Figure 5. Sketch of GNSS control network

precise leveling network. A triangular head (see Figure 3 (Baryla,2025b)) can be used to precisely center the instrument on pointswith a horizontally seated master mark, which stabilizes the in-strument regardless of the diameter of that mark. If the main signis vertically seated, a conical head (see Figure 4 (Baryla, 2025a))should be used to stabilize the gauge, the size of which should beselected for the type of sign. A conical head designed for a given typeof sign (diameter) ensures precise alignment of the gauge withinthe range of manufacturing accuracy of a given set of signs. Sincethe height of the gauge was selected with respect to points stabi-lized on the ground surface, a properly made extension piece of thegauge, with a precisely determined length, should be used for GNSSmeasurements on underground points.In satellite positioning, especially in height measurements, theaccuracy of the phase center model of the GNSS antennas is crucial.It was proved that GNSS antennas of the same type can exhibit adifferent position of the mean phase center relative to the antennamodel provided by the International GNSS Service (IGS) or NationalGeodetic Survey (NGS) laboratories (Becker et al., 2010; Dawidow-icz, 2017; Stępniak et al., 2015). In order to maintain accuracy invertical measurements, it is recommended to verify the GNSS an-tennas before field campaigns. Verification of the GNSS antennasinvolves conducting long-term measurement sessions on pointswith known coordinates, followed by post-processing using avail-able GNSS antenna models (Baryła and Dawidowicz, 2024). Theresulting differences between the mean phase center and the modelshould be included.

5 Field tests

Analyses on the performance of the integration of GNSS measure-ments with precise geometric leveling were conducted on a sitelocated in the Podkarpackie province. A set of 7 points of the ver-tical base control network was selected: 1, 2, 3, 4, 5, 6, 7, forminga closed polygon consisting of baselines of 11 ÷ 45 km in length(see Figure 5). The points of reference of GNSS satellite measure-ments to the state 3D system PL-ETRF2000 were the three nearestASG-EUPOS (Active Geodetic Network – European Position Deter-mination System) network stations: MLCN, KROS, TRNW, whichare located around the studied object.Seven Topcon HiPer VR GNSS receivers were used for the mea-surement campaign. In order to increase the reliability of the ob-tained results, two twelve-hour sessions of static GNSS measure-ments were planned, which were conducted simultaneously atall surveyed points. The following observation parameters wereadopted: measurement interval of 1s, elevation mask of 10◦, record-ing of observations from all four available satellite systems, forcedprecise centering of GNSS antennas using a dedicated instrument(see Figure 6), thus eliminating errors in determining the heightof GNSS antennas over the measurement points. Prior to the fieldmeasurements, calibration measurements of these instrumentswere performed in two sessions using a precision code level (Leica

Table 1. Summary of instrument heights for forced precise centering ofGNSS antennas
No T1 T2 T3 T4 T5 T6 T7

Height[m] 1.5004 1.5002 1.5003 1.5005 1.5005 1.5005 1.5004

Figure 6. Static GNSS measurement on a vertical network point using aninstrument for precise forced centering of the GNSS antenna

DNA03) and an invar staff. The instrument heights were designatedas: T1, T2, T3, T4, T5, T6, T7 (see Table 1).An analysis of the shapes of the principal marks of the verti-cal points, based on the inventory materials, revealed variationsin the sizes of the vertical points and their horizontal or verticalstabilization. The existing conditions required the application ofnew solutions to stabilize the instrument for precise forced center-ing of GNSS antennas. A triangular head (see Figure 7) was usedon vertical point marks with benchmarks with a horizontal axisof orientation, while conical heads were utilized on marks withbenchmarks with a vertical axis of orientation (see Figure 8). Itshould be emphasized that the adoption of the above solutions pro-vides accurate and symmetrical alignment with the benchmarkaxis regardless of its dimensions and manufacturing accuracy. Atthe same time, it allows the instrument to move freely under grav-ity for precise forced centering of the GNSS antenna until it comesinto contact with the benchmark extremity. The combination ofthe above properties with the ability of the instrument to rotatefreely in a head placed on a surveying tripod ensures the correctalignment of the GNSS antenna with respect to the north direction,which is a prerequisite for the adoption of precise GNSS antennamodels in post-processing.Static GNSS measurements at the study site were conducted by7 survey teams in August 2024.

6 Result analysis

Based on the sets of GNSS observations recorded during two 12-hour-long observation sessions and data from the three ASG-EUPOS stations KROS, MLCN, and TRNW, which were closest tothe analyzed object (Figure 5), we proceeded to the post-processing
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Figure 7. Accurate centering of the instrument for precise forced cen-tering of a GNSS antenna on a benchmark of about 63 mm indiameter with horizontal axis orientation, using a triangularhead

Figure 8. Placing the conical head on a benchmark approximately 63mm in diameter with the axis vertical, before setting up theGNSS antenna precision forced centering device

Figure 9. Formal error values of points in the geocentric coordinate sys-tem: mX , mY , mZ, and in the topocentric geodetic system: mn,
me, mh

of the collected measurements. Satellite baselines were computedaccording to a polygonal sequence (Figure 5), which is key in pre-cise geometric leveling, where the network has the shape of closedmeshes. The formation of a closed string is also crucial in the con-text of the law of error propagation, as it forces the adjustment toobtain a sum of differences in heights equal to zero (Wiśniewski,2009). This approach also facilitates a direct comparison of theaccuracy of differences in heights between neighboring points ob-tained from satellite leveling, with the heights achieved with geo-metric leveling measurements (Baryła, 2018; Stepniak et al., 2016).Post-processing was conducted using MAGNET Tools 5.1 software,with the following parameters: GNSS systems — GPS, GLONASS,GALILEO, 10◦ masking elevation, precise orbits, and clocks, GNSSantenna models — NGS, ionosphere handling — application ofionospheric free linear combination, troposphere handling — Niellmodel. First, the components of the coordinate baseline were de-termined. Next, two network adjustments were performed basedon GNSS baseline coordinates (Table 2) and assuming standarddeviations from square roots of variance, which are elements of thediagonal of the covariance matrix Σ, as accuracy elements: var(∆X),
var(∆Y), var(∆Z). The covaraince Σ matrix is given as:

Σ =
 var(∆X) cov(∆X,∆Y) cov(∆X,∆Z)

cov(∆Y, X) var(∆Y) cov(∆Y,∆Z)
cov(∆Z,∆X) cov(∆Z,∆Y) var(∆Z)

 . (8)

To conduct the first, free adjustment, baselines were selectedbetween the determined points (Figure 5), while the fixed pointwas adopted as point No. 3, whose coordinates in the PL-ETRF2000system were determined earlier with reference to the ASG-EUPOSstation. The second adjustment was conducted by attaching base-lines to ASG-EUPOS stations and assuming their coordinates asfixed. The maximum values of the mean errors of coordinate com-ponents derived from the adjustment of GNSS baselines (see Fig-ure 9) reached mZ = 20.3 mm for points 4 and 5. After the transfor-mation of Cartesian coordinates to the ellipsoidal system (GRS80),the latitude ϕ, longitude λ, and ellipsoidal heights h of the pointswere obtained.The maximum errors of horizontal coordinate errors in thetopocentric geodetic system occurred in points 4 and 5: mn – for thenorthern component, 18.5 mm, and 18.4 mm, me – for the easterncomponent, 12.4 mm, and 12.2 mm, mh – for the ellipsoidal height,19.1 mm, and 18.9 mm.The maximum accuracy values of horizontal coordinates in thetopocentric geodetic system for point No. 4 were mn = 18.5 mmfor the northern component and me = 12.4 mm for the easterncomponent. The point with the largest error in ellipsoidal height
mh = 19.1 mm also turned out to be point No. 4.The ellipsoidal heights of the points were converted according
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Table 2. Summary of GNSS baseline coordinates: ∆X, ∆Y, ∆Z, and their variances: var(∆X), var(∆Y), var(∆Z)

No. baseline ∆X
[m]

∆Y
[m]

∆Z
[m]

var(∆X)
[m2]

var(∆Y)
[m2]

var(∆Z)
[m2]

1 - 5 -14007.702 23910.257 3664.330 0.012 0.007 0.013
1 - 6 -7624.453 44248.811 -7331.034 0.021 0.013 0.017

1 - TRNW 1164.459 -632.692 -692.648 0.001 0.001 0.001
2 - 3 -8338.875 3523.347 5265.558 0.003 0.002 0.006
2 - 6 8773.880 -4748.751 -5320.548 0.004 0.002 0.006
3 - 7 -4587.078 10923.254 140.042 0.005 0.003 0.006
4 - 5 6685.337 -11241.395 -1764.278 0.005 0.003 0.006
4 - 7 -8631.257 28292.473 -2033.506 0.012 0.008 0.014

6 - KROS 14809.646 18533.981 -17502.967 0.013 0.008 0.013
7 - MLCN 630.795 199.454 -532.987 0.001 0.000 0.001

Table 3. Heights of points in the normal height system: catalog heights HN
C , free adjustment HN

A1, adjustment with reference to ASG-EUPOS HN
A2,height errors of points from adjustment: mH(A1), mH(A2), and height differences adjusted to catalog heights: dHN

A1−C, dHN
A2−C

No. HN
C

[m]
HN

A1
[m]

mH(A1)
[mm]

HN
A2

[m]
mH(A2)
[mm]

dHN
A1

[mm]
dHN

A2
[mm]

1 218.0502 218.0502 2.1 218.0508 2.1 0.0 0.6
2 332.4100 332.4415 9.1 332.4506 6.1 31.5 40.6
3 232.8911 232.8858 9.1 232.9008 5.2 -5.3 9.7
4 193.0870 193.0908 8.4 193.1071 5.2 3.8 20.1
5 191.1605* 191.1418 7.4 191.1532 5.8 -18.7 -7.4
6 376.7110 376.7371 8.6 376.7349 5.8 26.1 23.9
7 222.5141 222.4886 8.9 222.5095 3.1 -25.5 -4.6

TARN 277.0700 - - - - - -
MLCN 271.9930 271.9675 9.5 - - -25.5 -
KROS 347.5370 347.5631 12.8 - - 26.1 -

Standard deviation σ 19.6** 16.1
* height from GNSS measurements, taking into account height anomaly** excluding points: MLCN, KROS

to Formula (6) to the network system PL-EVRF2007-NH, based onthe quasi-geoid model PL-geoid2021. Model height differences inthe normal height system were obtained based on the benchmarkheight differences of neighboring points. In the case of point No.5, there was a problem resulting from the lack of catalog height,because the damaged sign had been previously restored. Conse-quently, the height from GNSS measurements was used for theanalysis, including the height anomaly. Next, network adjustmentwas performed in two variants: A1 – free adjustment, A2 – adjust-ment in relation to 3 points of the ASG-EUPOS network. Table 3shows the heights of points: catalog heights HN
C , averages of two

measurement sessions from the free adjustment to point TARN HN
A1,averages of two measurement sessions from the adjustment to theASG-EUPOS network HN

A2 and differences in heights between the
results of the first dHN

A1-C and second dHN
A2-C adjustments, respec-tively, and catalog coordinates.Analyzing the height differences obtained based on free leveling(A1) and catalog data, random height values can be observed inthe range of <-25.5 mm; 31.5 mm>. Based on the second adjust-ment (A2), the height differences fall within the range <-7.4 mm;40.6 mm>, which is 10.0 mm smaller than the range obtained from

the first adjustment (A1). Thus, it can be concluded that the GRS80ellipsoid obtained in the free adjustment with the ellipsoid definedby the PL-ETRF2000 system is not parallel, and the results fromthe free adjustment (A1) can only be used to verify the correctnessof the calculation process. Additionally, the results of the secondadjustment (A2) show an improvement in the accuracy of deter-mining the heights of points based on the mean mH errors, whosevalues for the weakest points of the network improved by over33%. The differences in point heights obtained from the secondadjustment (A2), calculated in the PL-ERTF2000 system tied to theASG-EUPOS network, indicate a systematic lowering of the heightsystem defined by the geometric leveling network points relative toselected ASG-EUPOS stations. Significant height differences of upto -40.6 mm may indicate reduced accuracy of points determinedby precise geometric leveling measurements. The mean error mpis determined as:
mp = ±mv

√
L [mm] (9)

depending on the error mv of double leveling conducted in bothdirections and the length of the leveling line L expressed in km,
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Table 4. Summary of height differences obtained on the basis of: catalog coordinates, free adjustment (A1), and adjustment constrained by ASG-EUPOS sites (A2), variations in identical height differences from adjustment (A1) and (A2), and catalog height differences: d∆HN
A1−C,

d∆HN
A2−C, obtained errors: mp(A1), mp(A2), and permissible values of these mean errors mpmax

Line
No.

L
[km]

∆HN
C

[m]
∆HN

A1
[m]

∆HN
A2

[m]
d∆HN

A1-C
[mm]

d∆HN
A2-C

[mm]
m∆H(A1)
[mm]

m∆H(A2)
[mm]

m∆Hmax
[mm]

1-5 28 -26.8671 -26.8977 -26.9084 -18.73 -8.0 7.1 5.8 7.9
5-4 13 1.9039 1.9540 1.9490 22.53 27.5 5.2 4.8 5.4
4-7 12 29.4271 29.4024 29.3978 -29.3 -24.7 5.0 4.6 5.2
7-3 11 10.3770 10.3913 10.3972 20.2 14.3 4.8 4.6 5.0
2-3 11 -99.5189 -99.5498 -99.5557 -36.8 -30.9 4.8 4.6 5.0
6-2 21 -44.3010 -44.2843 -44.2956 5.4 16.7 6.3 5.7 6.9
1-6 45 158.6608 158.6841 158.6869 26.1 23.3 8.3 5.9 10.1

Standard deviation σ 24.4 21.9
Correlation coefficient r 0.973

connecting adjacent points, which may change the position as aresult of the subsidence of markers.The subsequent analyses were conducted based on the obtainedheights of points, creating baselines connecting individual pointsaccording to the sketch in Figure 5. Table 4 summarizes the ob-tained lengths L of the baselines, their height coordinates in the nor-mal height system based on catalog coordinates ∆HN
C , from free ad-

justment∆HN
A1 and adjustment with reference to ASG-EUPOS∆HN

A2.
The differences of the identical baselines, d∆HN

A1-C, d∆HN
A2-C, werecalculated from the vertical gains, and these were taken as mv er-rors for the calculation of errors based on function (9). To controlthe permissible values of the errors, mp(A1) and mp(A2), from the

first and second adjustments, their maximum values mpmax werecalculated based on Formula (9), assuming the accuracy of the dou-ble geometric leveling mv = 1.5 mm (Journal of Laws of the Republicof Poland, 2021).Analyzing the mean errors m∆H(A1) and m∆H(A2) of the adjustedleveling lines, it can be concluded that they all fall within the ac-ceptable ranges of m∆Hmax. In the case of adjustment (A2) in rela-tion to 3 points of the ASG-EUPOS network, there is a significantimprovement in the accuracy of the results obtained. The lowestaccuracy occurred in the case of baseline 1-6 with a length of 45 km.Comparing the height differences obtained from the catalog datawith the height differences from free leveling d∆HN
A1−C <-30.8 mm;

26.1 mm> and the adjustment in relation to ASG-EUPOS d∆HN
A2−C<-30.9 mm; 27.5 mm>, a high correlation can be observed basedon the correlation coefficient r = 0.973. The high correlation of theobtained height differences confirms the convergence of the PL-geoid2021 quasi-geoid model with the heights of the ASG-EUPOSnetwork points. The values of height differences d∆HN

A1−C and
d∆HN

A2−C, reaching six times the maximum mean error m∆Hmax inthe case of the 2-3 levelling line are significant. It is assumed thatthese values may primarily result from outdated catalog heights,derived from precise leveling measurements conducted in 1999–2002, as well as from post-measurement movements of the Earth’ssurface (Kowalczyk et al., 2020) and the settlement of height controlpoints.

7 Conclusion

The coupling of the GNSS measurements and precise geometricleveling requires a combination of two different height systems.The results of satellite measurements, determined in the Cartesiansystem, can be presented in the form of ellipsoidal coordinates:latitude, longitude, and height. In contrast, the results of precise

geometric leveling are determined in the vector field of the Earth’sgravity and are not geometric. The integration of these differentlydefined coordinate systems is only possible based on a geoid modellinking these systems. Currently in Poland, such an official modelis the quasi-geoid PL-geoid2021.Conducting satellite measurements requires the surveyor toaccurately determine the height of the GNSS antenna above thegeodetic point mark. It is known from experience that this pro-cedure is a source of many errors, especially directly affecting theaccuracy of the vertical coordinate, which is important in preciseleveling. Therefore, in the GNSS survey procedure at the field site,when integrating satellite with precise geometric leveling, it is rec-ommended to use instruments for precise forced centering of GNSSantennas (depicted in Figures 2 and 6).Precise leveling networks created over centuries have createda variety of shapes and sizes of the main vertical marks (bench-marks) used in these networks, which could significantly limit theuse of instruments for precise forced centering of GNSS antennas,also providing long-term stability of GNSS antennas during staticsatellite measurements. This problem was solved by using an in-strument stabilizer for precise forced centering of GNSS antennas,on vertical network marks with a horizontal principal axis (depictedin Figures 3 and 7) and a stabilizer for positioning the GNSS antennaover a vertical point with a vertical benchmark axis (depicted inFigures 4 and 8).Based on the results of the presented research, it can be con-cluded that static satellite measurements fulfil the accuracy re-quirements in the process of their integration with precise geomet-ric leveling. Baselines of satellite measurements should be usedin the fusion, including height anomalies determined based on asuitable, accurate geoid model. The geoid model (quasi-geoid PL-geoid2021), which must integrate the current spatial geocentriccoordinate system (PL-ETRF-2000) and the applicable vertical sys-tem (PL-EVRF2007-NH), meets the requirements of millimeteraccuracy.
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